We investigate the properties of high-amplitude stress waves propagating through chains of elastic-plastic particles using experiments and simulations. We model the system after impact using discrete element method (DEM) with strain-rate dependent contact interactions. Experiments are performed on a Hopkinson bar coupled with a laser vibrometer. The bar excites chains of 50 identical particles and dimer chains of two alternating materials. After investigating how the speed of the initial stress wave varies with particle properties and loading amplitude, we provide an upper bound for the leading pulse velocity that can be used to design materials with tailored wave propagation.
Introduction
In elastic granular materials, the Hertzian contact law describes how particles interact with one another and governs the unique dynamics [1, 2] . One-dimensional (1D) chains of uniform spherical elastic particles have shown unique dynamic properties, such as wave speed tunability [1, 3] , pulse reflections [4, 5] , shock trapping [6] [7] [8] , and wave branching [9, 10] , all of which are useful for impact protection applications. Additional dynamics has been investigated for 1D dimer chains of two alternating materials; local resonances and reflections have been shown to slow the transmission of energy and have been suggested as a method for enhancing shock protection [4] [5] [6] [7] [11] [12] [13] [14] [15] . For acoustic excitations, dimer chains have been used to create materials with tunable band gaps with proposed applications in vibration isolation and acoustic filters [16] [17] [18] [19] [20] [21] [22] . However, these effects, for uniform and dimer chains, were all demonstrated at significantly lower forces than useful for most impact applications because they relied on the materials remaining elastic throughout the impacts [23] .
For particles of most materials, plasticity occurs at relatively low contact forces, due to the stress concentrations arising in the contact region between spheres. To move toward practical impact protection applications, the dynamic response of 1D granular chains including the effects of plasticity has been recently investigated [24] [25] [26] [27] . In order to design granular materials for impact mitigation and blast protection, it is necessary to understand how plasticity at the contacts changes the dispersion and energy dissipation of stress waves through these materials, and how these effects are controlled by constituent material properties and particle arrangements.
Differently than in the elastic Hertzian case, attempts to analytically describe the compression of elastic-plastic spheres have not been suitable for every materials and for many impact regimes [28] . However, the dynamic interaction between elastic-plastic particles has been described with numerical and experimental approaches [29] [30] [31] [32] [33] [34] . In recent studies, simulations showed that the leading plastic wave propagating through elastic-plastic granular chains traveled slower than subsequent unloading and reloading waves due to residual plastic deformations changing the geometry of the contacts [24, 27] . In these events, the unloading and reloading waves following the first compressive front operate in the elastic regime and exhibit the same properties as waves in elastic Hertzian granular chains. However, the initial plastic wave exhibits a different dynamic response governed by its unique nonlinear piecewise contact law. Previous work described the energy dissipation of a short impulse inducing plasticity in the initial particles of a long chain and the dependence of the wave speed on the excitation amplitude [24] , but the dependence of the wave speed on the particles' material properties has not yet been investigated.
This work focuses on the properties of the leading wave, traveling through uniform and periodic granular chains consisting of alternating particle types, in response to a long duration impact. In such a loading scenario, plasticity continues to dissipate energy at each contact, significantly affecting the dynamics of wave propagation. We also investigate the effect of plasticity on wave propagation through dimer chains of alternating materials. Recent experiments have suggested that dimer chains of elastic-plastic spheres do not exhibit the same local resonances as elastic dimer chain [34] . It was observed that the amount of energy transmitted did not depend on the mass ratio of the particles and was dominated by plasticity effects instead of local resonances.
We simulate the response of these systems using a DEM, which includes a strain-rate dependent model for the dynamic contact interaction of elastic-plastic spheres [31] . We determine how the properties of the initial wave in the elastic-plastic granular chains compare to those in Hertzian chains and in chains described by a simplified linear contact law. We validate the model experimentally using a Hopkinson pressure bar coupled with a laser vibrometer. From the experimentally validated simulation results, we extract a model that relates the particles material properties to the leading wave velocity. In the dimer chains, we show the effect of local resonances on the energy transmission. We use the models to define design constraints for the creation of novel materials with engineered wave propagation properties.
Numerical Approach
Numerical simulations of 1D chains of spheres were performed using a DEM code implemented in MATLAB [5] . Particles were treated as point masses that interact via an empirical contact law that models the force-displacement behavior of elastic-perfectly plastic spheres in dynamic compression using a piecewise, nonlinear formulation [31] . In selected cases, the results obtained with this dynamic contact law were compared to DEM simulations performed using Hertzian and linear contact laws. The contact forces on each particle were calculated at each time step and numerically integrated using a fourth-order Runge-Kutta method to get particle displacements and velocities. It was assumed that the particles do not rotate or translate off-axis, reducing the dynamics to fully 1D interactions. Time step convergence studies were performed and a time step of 5 Â 10 À8 s was used for all simulations. When the time steps were halved again, numerical values changed by no more than 0.01%.
The general form of the elastic-plastic contact used in simulation is given below in Eq. (1), and the full description of the model is provided in Appendix.
where F is the contact force due to relative displacement, d, between spherical particles. E * and r * are functions of the Young's moduli and radii of the two spheres in contact. The empirical parameters c 1 and c 2 were obtained previously using finite element analysis (FEM) [31] , and are also reported in the Appendix for convenience. The parameters a and b were solved to ensure continuity of the force between regions. In order to capture strain-rate dependent plasticity, r y was modified for rate-dependent materials using a Johnson-Cook type relation [31] .
where r y0 is the yield stress measured at quasi-static strain rate _ e 0 , and C is the experimentally obtained Johnson-Cook parameter. The relative velocity between particles was used to define the strain rate:
where v 1 and v 2 are the velocities of the two particles and 2 R is the distance between centers of the two identical spheres of radius R. Previous FEM and experimental results have shown that this simplified definition of global strain-rate accurately captures the dynamics of the contact law despite sacrificing information regarding the local strain-rate of material within the spheres [31] . This model was formulated to describe the contact interaction between spheres of most metals and can capture the behavior of the contact between two dissimilar spheres as well. When dissimilar materials were used, it was assumed that all the plastic deformation occurs in the softer of the two materials and that only the plasticity properties of the softer material influence the contact properties [34, 35] . Therefore, r y was taken to be: r y ¼ min r y1 ; r y2 À Á , the minimum of the yield stress of either of the two constituent materials. The rate dependence properties were selected to be the same as those of the softer material as well. One of the most important features of the elastic-plastic contact is the fact that the stiffness of the contact (i.e., the slope of the force-displacement law) transitions from amplitude dependent in the first and second regions to constant in the linear third region. The force at which this transition occurs, F P , is fully defined in the model as a function of the material properties of the contacting spheres and is given in Appendix.
Unloading was assumed to be purely elastic, with the formulation given in Appendix [30] . After unloading, subsequent reloading of the contacts follows the Hertzian unloading curve back up until the previous maximum contact force has been reached and plastic deformation begin again. The history of plastic deformation at each contact point was therefore stored in a global variable and used to determine whether the current loading was elastic or plastic. The force-displacement law of the elastic-plastic contact is shown in Fig. 1(a) as the blue curve. The transitions between piecewise regions are shown as dotted vertical lines.
Without plasticity, the contact between metallic spheres is captured by the Hertzian contact law,
where we define K H as the Hertzian stiffness. The Hertzian contact law is equivalent to the initial region of the elastic-plastic contact before plasticity initiates. The Hertzian contact law is shown in Fig. 1 (a) as the green curve. In order to isolate the contribution of the nonlinear region in the elastic-plastic contact law to the dynamics of the chain, we compared the full elastic-plastic contact model with a contact model that includes only the linear contribution of the plastic region,
where we define K L as the linear stiffness. The stiffness of this linear model is the same as the elastic-plastic model given in Eq. (1) when d > d p . For the linear contact-law, the same formulation for unloading was used as in the elastic-plastic model given in Appendix. The linear contact-law is shown in Fig. 1(a) as the red curve.
In DEM simulations of 1D chains of spheres, the initial conditions selected specified either the velocity or the force profile of the first sphere in the chain. When simulating Hopkinson bar experimental tests, we used as initial conditions the velocity profiles measured experimentally at the end of the incident bar. In all other simulations, a square velocity or force pulse was applied to the first sphere. After this initial pulse was applied, the particle could move freely like the other particles in the simulations. The final sphere was assumed to be in contact with a 1D linear medium having the same properties as the transmission bar used in experiments (i.e., wave speed, density, and area). When processing the numerical results, we calculated the local wave speeds by taking the difference in the arrival times of the stress wave at each subsequent particle and dividing it by the distance between those particles. The arrival time for each particle was defined as the time for which the particle reached 1% of the initial velocity of the first particle, or 1% of the maximum velocity of the first particle.
Experimental Setup
A Hopkinson pressure bar was used to impact chains of metallic spheres. A schematic of the experimental setup is shown in Fig.  1(b) . Strain gauges on the incident and transmission bars measured the incident, reflected, and transmitted stress waves. The spheres were held between the bars and confined to move only along the axis of the chain by a 3D printed plastic tube. A truncated ( 3 =4) sphere was used as the first particle in flat contact with the end of the incident bar. This ensured that the first particle had the same velocity profile as the end of the incident bar, as measured by the strain gauges, and that all energy was dissipated in the contacts between spheres. The flat side of the first particle remained in contact with the incident bar through the duration of the data acquisition. A copper pulse shaper was used between the striker and incident bar to ensure repeatable impacts for all experiments. The velocity profile at the end of the Hopkinson bar is given as a function of the strains measured by the incident strain gauge during the incident and reflected pulses,
where c i is the elastic wave speed in the Hopkinson bar and e i and e r are the strains during the incident and reflected pulses. The incident strain is translated forward in time by c 1 times the distance from the gauge to the end of the bar, while the reflected strain is translated backwards in time by the same amount such that they are summed when both are at the end of the bar. A dispersion correction was applied to the incident and reflected waves as in Ref. [36] in order to account for dispersion in the 1D bar, yielding smoother applied velocity profiles. The spherical particles used in experiments had a diameter of 6.35 mm and were made of stainless steel 440 c, stainless steel 302, aluminum 2017, and brass 260, purchased from McMaster-Carr. Truncated ( 3 =4) spheres of the same materials were purchased from BalTec. In simulations, the particles' material properties were selected from the ranges given by the manufacturer to match simulations of single contacts (Table 1 ) [31] . Sample holders were 3D printed with an Objet500 Connex printer using a rigid plastic, VeroBlack [37] , and were designed to have an inner diameter the same as the spheres. The tubes ensured that the chains of spheres remained aligned along the axis of the Hopkinson bar without rattling, but did not create appreciable friction. The 3D printed inner surface was thoroughly cleaned after printing and spheres could slide freely within the tube without the need for lubrication. To avoid the transmission of stress waves through the holder, the length of the tube was made slightly shorter than the chain of spheres, forming a small gap between the holder and the bars (see inset of Fig. 1(b) ). Because the stress waves were not transmitted through the plastic holder, the holder was not included in the simulations. Vaseline was used to adhere the truncated spheres to the incident and transmission bars to ensure they were centered and aligned. The tube containing the remaining 48 spheres was then placed between the two aligned truncated spheres. The rigid plastic tube was stiff enough, but light enough that it could support its own weight without sagging while held firmly between the incident and transmission bars ensuring no gaps between spheres.
We used strain gauges on the incident and transmission bars to detect the incoming, reflected and transmitted waves after interaction with the granular chains. In addition, a Polytech laser vibrometer was used to measure the velocity profile of one of the spheres in the chain. This direct measurement of the dynamics of particles inside the sample allowed testing longer chains and enabled a more direct comparison of the experimental results with numerical simulations. The laser vibrometer data and strain gauge data were both supplied to a data acquisition computer such that they were triggered together, ensuring that the time recorded by all sensors were synchronized. We tested chains of 50 spheres, consisting of identical particles (i.e., uniform chains) and periodic arrangements of particles alternating two different materials (i.e., dimer chains). In all configurations studied, the length of the chains was such that the forces transmitted through the chains were significantly reduced, and the signal measured by the strain gauges in the transmission bar was indistinguishable from the experimental noise.
The laser vibrometer was used to measure the particle velocity of the 40th sphere throughout the impact.
Results and Discussion
Properties of Waves in Chains of Elastic-Plastic Particles. Prior studies of wave propagation in elastic-plastic 1D chains of spheres focused on the energy dissipation of short impulses and on the effects of impact amplitude and duration on the wave speed [24, 25, 27] . However, the experiments reported in these studies were limited to testing short chains, and can only characterize the transmitted waves after the impact. In this work, we study long chains of particles, and focus on the understanding of the dynamics of wave propagation while plasticity is occurring at the contacts, the most relevant regime for energy dissipations during an impact. Our approach also allows a more direct comparison of the experiments with numerical simulations.
To understand the effect of plasticity and nonlinearity on the wave propagation, we performed simulations of the dynamics of 1D chains of 50 particles with elastic-plastic, Hertzian, and linear models describing their contacts (Fig. 2 ). In these simulations, we applied a 20 m/s step change in initial velocity to the first particle in the chain, and observed the wave front as it propagated through the materials. The dynamic response of both Hertzian and harmonic linear chains to such initial conditions is well known. Hertzian chains support the formation and propagation of a steady front that, after some initial transient effects, propagates through the chains without changing shape due to dispersion [1, 12] . The evolution of the wave front shape is shown in Fig. 2 (a) for a Hertzian material. In this figure, the different curves represent the velocities of all particles, superimposed and translated based on the arrival time of the wave. The arrival time of the wave front at each particle was defined as the time at which the particle reached 1% of the applied initial velocity (0.2 m/s). Although the speed of nonlinear waves in Hertzian chains is frequency independent, it is amplitude dependent. The leading wave speed, V H , is given by [38] 
where q is the density of the constituent material and F M is the maximum contact force. The velocity can also be rewritten to show the dependence of the wave speed on the Hertzian stiffness as defined in Eq. (3) as [38] V
In harmonic lattices with linear force-displacement relations, the dispersion relation describes the speeds at which the various The samples consisted of chains of 50 spheres, 6.35 mm in diameter, enclosed in a 3D printed tube with a window for the laser to measure the particle velocity of the 40th sphere. frequency components of the initial disturbance move through the chain [39] [40] [41] . Because the different frequency components move at different velocities, a steady front is not formed in linear materials and the pulse widens as it travels down the chain. The evolution of the wave front shape for a chain of masses with linear contact interactions is shown in Fig. 2(b) . Again in this figure the particle velocities of each particle were superimposed and translated based on the arrival time of the wave as defined previously. The frequency content separates due to dispersion and the peak of the wave appears to arrive at progressively later times after the initial arrival as the wave spreads. While the speeds of linear waves are dependent on the frequency content, there is no direct dependence on the amplitude of the initial excitation because the stiffness of the contact is constant for all amplitudes. The phase velocity of frequency component is V L ¼ x=k, where x and k are the frequency and wave number, respectively, of the normal modes of the linear lattice. x and k are related by the dispersion relation [39] .
where M is the average mass of the particles, R is the average radius of the spheres, and q avg is the average density of the constituent materials. The maximum phase velocity for any frequency component, V L,max , occurs for long wave length excitations in the limit as k goes to 0 and is given by
In elastic-plastic chains the dynamics are different. When the initial impact is large enough to induce plasticity at the contacts, the particle's loading begins in the nonlinear region described by the Hertzian contact, while the maximum force occurs in the linear regime. The shape of the wave front after a velocity pulse in the elastic-plastic case exhibits unique features compared to waves in the other two types of materials. The evolution of the wave front shape is shown in Fig. 2(c) . After an initial transient region ($5 particles long), in which dispersion seems to occur, a steady wave front forms and continues to propagate unperturbed.
Plasticity has a major effect on the wave's propagation in 1D granular systems. Defining a realistic elastic-plastic contact model is essential to capture the correct dynamic behavior of such systems. Both the nonlinear and linear regimes play essential roles in the unique dynamics of these granular systems. The initial contact nonlinearity, before the onset of plasticity, plays an important role in determining the chain's dispersion behavior, and controlling the frequency and amplitude dependence of the leading wave velocities, while the linear regime determines the apparent stiffness of the chain during plastic deformation.
We performed parametric studies using DEM to determine how, in elastic-plastic chains, the leading wave speed depends on the material properties of the constituent particles. We compared the results with similar ones obtained for Hertzian and linear chains. First, the density of the constituent particles was varied while the Young's modulus and yield stress of the material were kept constant. We excited the 50-particle chains with an impulse of 100 Â 10 À6 s with constant force amplitude of twice the force required to reach the linear plastic regime in the elastic-plastic contact law (2F P ). In all simulations, the chains consisted of particles with a Young's modulus of 100 GPa and a yield stress of 500 MPa, while the density was varied in ten steps from 1000 kg/m 3 to 15,000 kg/m 3 . For each chain, local wave velocities of each particle were calculated and then averaged over all particles between the 10th and the 40th particle. The results are shown in Fig. 3(a) . Fitting curves (solid lines in Fig. 3(a) show that all three contact models share an inverse square root dependence on the density of the constituent material.
Next, we performed parametric studies using DEM to obtain the leading wave velocity's dependence on the stiffness of the contact. The yield stress of the constituent particles was varied while the Young's modulus and density of the material were kept constant. As before, an impulse of 100 Â 10 À6 s with amplitude of 2F P was applied to 50-particle chains of each material for all three contact laws. A Young's modulus of 100 GPa and a density of 5000 kg/m 3 was used for all simulations, while the yield stress was varied in ten steps from 100 MPa to 2500 MPa. For each material, local wave velocities of each particle were calculated and then averaged over all particles between the 10th and the 40th particles. The results are shown in Fig. 3(b) . Fitting curves (solid lines in Fig. 3(b) ) show that the Hertzian material has a cube root dependence on the stiffness as predicted in Eq. (7), while both the linear and elastic-plastic materials exhibit the square root dependence predicted in Eq. (8) . Therefore, we see that the leading wave speed of elastic-plastic chains scales in the same fashion as the simplified linear-chains.
In the plastic region, the stiffness of the contact is not amplitude dependent, however in elastic-plastic chains the wave speed is amplitude dependent. This is due to the fact that before reaching the plastic zone, the contact force rises through the Hertzian region, which is amplitude dependent. To investigate the effect of the excitation amplitude on the wave speed in elastic-plastic chains in comparison with Hertzian and linear chains, we calculated the response of the different contact laws after the application of impulses with greatly varying amplitude. Impulses with duration 100 Â 10 À6 s and amplitudes ranging from 10 N to 10 kN were simulated on chains of 50 particles. The particles' material properties were kept constant with a Young's modulus of 100 GPa, yield stress 500 MPa, and density 5000 kg/m 3 (F P ¼ 584 N). The simulated leading wave speeds are shown versus the logarithm of the applied force, normalized by F p , as the blue and green markers in Fig. 3(c) for elastic-plastic and Hertzian granular chains, respectively. The green curve in Fig. 3(c) shows the dependence of the wave speed in the Hertzian material on F 1/6 as predicted in Eq. (7) . The red line in Fig. 3(c) shows predictions for the maximum velocity component of the harmonic linear material given in Eq. (9) . As the force increases, the elastic and elastic-plastic wave speeds diverge. Once the amplitude of the force reaches F p , the leading wave speed of the elastic-plastic material begins to asymptotically approach the prediction of the fastest component of a harmonic lattice with the same stiffness as the elastic-plastic linear regime. Therefore, Eq. (9) represents a bound of the leading wave speed in the elastic-plastic 1D material, although the required force to reach this bound is highly material dependent. Figure 3 (c) shows that for large amplitude impacts (inducing forces greater than the force required to reach the plastic regime, F p ) the leading wave velocity changes by only 10% over an order of magnitude change in the force. For impacts in which the plastic regime is reached, 1D elastic-plastic chains exhibit unique dynamics where the leading wave velocity has no frequency dependence, relatively little amplitude dependence, and is almost solely a function of the material properties of the constituent particle. Combining the velocity bound in Eq. (9) with the elastic-plastic contact law presented by Burgoyne and Daraio [31] it is possible to derive a model to predict the maximum wave speed (V max ) in 1D granular materials when plastic deformation is occurring. V max can be expressed in terms of the material properties of the constituent particles for high amplitude impulses as
Experimental Validation and Simulations. Hopkinson bar experiments were performed in order to verify that DEM simulations captured the leading wave velocity and energy dissipation properties of long 1D chains of spheres. The raw forces in the incident and transmission bars as measured with the strain gauges are shown in Fig. 4 for uniform chains of 25 and 50 stainless steel 440 c spheres. The incident and reflected force pulses were nearly identical between each experiment comprised of stainless steel 440 c spheres. Stainless steel 440 c had the highest yield stress of any of the materials used and therefore transmitted the most force through the chain. The transmitted force through the shorter, 25 particle chains demonstrated the repeatability between experiments.
However, for 50 spheres, the transmitted force was attenuated to the point where noise in the strain gauges becomes very significant, as seen in the green curve in Fig. 4 . The forces were even more greatly attenuated in chains of other materials, and therefore the use of the laser vibrometer was necessary to measure particle velocity late in the long chains of particles.
Uniform chains of 50 aluminum and stainless steel 302 particles, as well as dimer chains of alternating particles, were impacted using the Hopkinson bar and measured with a laser vibrometer. The velocity profile reaching the end of the incident bar, in contact with the first sphere, was calculated from the incident and reflected waves measured by the strain gauge on the incident bar using Eq. We simulated the experimental response of these chains applying the experimental, incident velocity profiles to the first sphere in the chain. The simulated velocities of the 10th, 20th, 30th, and 40th spheres are shown as the yellow, magenta, cyan, and green curves, respectively, in Figs. 5(a)-5(c). The DEM simulations predict the particle velocity profile of the 40th particle extremely well, capturing correctly the magnitude of the particle's velocity, the arrival time of the leading plastic wave, the arrival of the reflected wave off the end of the sample and the local oscillations of particle. The importance of including strain-rate dependence in materials like stainless steel 302 is evident in Fig. 5(b) . When the quasi-static yield stress is used in the model without utilizing the Johnson-Cook type rate dependence, the velocity profile of the 40th sphere is not predicted correctly by the simulations, as shown by the dashed gray line in Fig. 5(b) . For rate-dependent simulations of steel 302, a Johnson-Cook parameter of 0.025 was used [31] . Figure 5(d) shows the simulated force at the first contact versus simulations of the force felt by the 50th (final) sphere, after the velocity profile of the incident bar as measured by the strain gauges during the experiment was applied to the first sphere. While the incident velocity profile was nearly identical between experiments, the applied force was material dependent and varied between experiments due to the differences in stiffness of the contacts between particles and masses of the particles. The maximum force after traveling through chains of 50 spheres was reduced by 49.6% in the stainless steel 302, 39.7% in the aluminum, and 57.0% in the alternating dimer chain. The forces on the final bead in the dimer chains, as shown by the red curve in Fig. 5(d) , are spread over a longer time period and have a smaller transmitted maximum force. In many impact protection applications, the ratio of the input force to the maximum transmitted force is the most crucial measure of protection.
In order to gain further insights into the details of the dynamics observed in the experiments of these materials, we simulated a 100 Â 10 À6 s impulse of amplitude 2F p on 50-particle chains of steel 302, aluminum, and an alternating dimer chain. X-T diagrams showing particle position over time are shown in Fig. 6 , with colors scale depicting the magnitude of the contact force between each particle, normalized by the applied force. For each material we observe the initial pulse traveling at a nearly constant speed determined by the stiffness in the linear regime for that material. Once the initial force is removed after 100 Â 10 À6 s, the unloading wave travels through the chain at a faster speed, governed by the elastic unloading of the particles, followed by subsequent reloading waves as the particles continue to collide within the chain. The dynamics of the nonuniform chain ( Fig. 6(c) ) are visibly different than the behavior of the single material chains. Heterogeneous chains of Hertzian materials have been shown to have wave speed dependence on the mass ratio of the constituent spheres, whereas wave speeds in the harmonic linear chains only depend on the average density of the constituents [11] [12] [13] [39] [40] [41] . For chains of spheres with identical radii but two alternating materials, the leading wave velocity in the dimer elastic-plastic materials shown in Fig. 6(c) does not show any dependence on the mass ratio, only the average of the densities of the two materials (also shown experimentally [34] ). After the arrival of initial plastic wave, trailing waves operate within the elastic regime, and internal reflections associated with local resonances are visible in the XT diagram of the dimer chain ( Fig. 6(c) ), behind the leading plastic wave. These elastic internal reflections depend on the particles mass ratio and slow the transfer of energy to the leading plastic front [11] [12] [13] . Therefore, the two types of waves in these materials exhibit inherently different behaviors: the leading wave which causes plasticity does not excite local resonances and its speed depends only on the average mass, while the trailing elastic waves do excite local resonances and cause internal reflections. In dimer chains, this results in more collisions, sustained for longer times, after the initial impact has passed. The forces transmitted at the end of the chain are spread over a longer time period and more uniformly (confirming the experimental velocity measurements in Fig. 5(c) and simulation of transmitted force in Fig. 5(d) ). Other periodic composite materials for impact applications have also demonstrated wave propagation properties that exceed those of either constituent component. For example, the shock speed through layered polycarbonate/stainless steel 304 and polycarbonate/ aluminium was also shown to be significantly slower than shocks in the constituent materials also due to internal reflections [42] .
We performed additional Hopkinson bar experiments with uniform and dimer chains of brass and stainless steel 440 particles (see properties in Table 1 ) and compared the results with DEM simulations (Fig. 7) . As shown for aluminum and steel 302 chains previously, the numerical results agreed well with the experimental data. The markers in Fig. 7(a) show the arrival speed measured experimentally on the 40th sphere in all chains. The arrival speed is defined for each sphere as the total distance of the center of the sphere from the end of the incident bar divided by the time at which the particle velocity reaches 1% of the applied velocity (typically 0.12 m/s for these experiments). The arrival speed of the wave to a point in the chain is therefore the average of the local wave speed between each particle before that point. This measure was used instead of the local wave speed used in Fig. 3 because the laser vibrometer measured the cumulative arrival time to the 40th sphere and not the subsequent arrival time between adjacent spheres. We compared the experimentally measured arrival speeds at the 40th particles to the predicted arrival speeds throughout the chain for each of the experiments. Solid lines in Fig. 7(a) represent uniform materials while dashed lines represent the different dimer combinations. The simulations capture the Fig. 4 Experimentally measured forces within the incident and transmission bars of the Hopkinson bar setup as measured by the strain gauges for 25 and 50 particle chains of uniform stainless steel 440 c spheres. For the two experiments with 25 particles chains, the cyan and yellow curves (overlapping larger pulses) show the forces in the incident bar while the blue and red curves (overlapping small pulses also shown in inset) show the forces in the transmission bar. For the experiment with a 50 particle chain, the magenta curve (overlapping large pulse) shows the forces in the incident bar while the green curve (small pulse also shown in inset) shows the forces in the transmission bar. The inset shows the transmitted forces for the three experiments zoomed in to show repeatability between experiments as well as the influence of experimental noise. leading wave speed and particle velocity amplitude for a wide range of different types of metallic spheres and for dimer chains of alternating material. For the uniform chains, the average error between the measured and simulated arrival velocities was 1.15%, likely due to variability in the material properties of the spheres. For the dimer chains, simulated arrival times were all consistently underestimated by an average of 3.13%. This suggests that the contact between dissimilar materials is slightly stiffer than predicted, and this is most likely a consequence of the assumption in the model that stiffness in the linear regime is solely a function of the softer material's properties. Figure 7 (b) shows the leading wave velocities after a 2F P impulse was applied to each of the material combinations shown in Fig. 7(a) . The leading wave velocities are normalized as:
where V max is given by Eq. (10) . The vertical dashed line represents the approximate location at which the contact forces drop below F P and stiffness becomes amplitude dependent once again. Before this line, when the contact forces are all in the plastic linear regime, the normalization causes all curves to overlap and we observe nearly no amplitude change. All curves converge to around 90% of the maximum possible wave speed because of the amplitude dependence demonstrated in Fig.  3(c) . The alternating dimer combinations show significant variations in the arrival times between heavy versus soft constituents, but the average still falls on the normalized curve. As stated earlier for chains of particles of equal radius with alternating material properties, there is no dependence of the leading wave velocity on the mass ratio of the particles that comprise the dimer, only on their average density. Once the contact forces drop below the purely linear regime, the leading wave speed becomes more amplitude dependent, as seen in Fig. 3(c) , and the curves diverge slightly and begin to slow as energy continues to be dissipated in the intermediate regime between the Hertzian and plastic zones in the elastic-plastic contact law.
Designing Wave Properties. We have shown that the leading plastic wave in elastic-plastic granular chains forms a steady propagating wave front, with a speed that is dependent on amplitude, but is independent of frequency content of the excitation and is bounded by the long-wavelength speed of a simplified linear model with the same stiffness. We have also shown that our model predicts correctly the leading wave properties for both uniform and dimer chains. These foundations provide the necessary insight to predict the behavior of new uniform materials, new combinations of dimer materials, and new rationally designed particles to obtain materials with unique wave propagation properties. Figure  8 shows a design surface, which relates the linear stiffness and the average density of constituent particles with the predicted bound of the leading wave speed given by Eq. (10) . We can use this surface to design 1D materials for which the speed of plastic stress waves cannot exceed the predicted value. The real materials used in experiments, as well as others, like tungsten carbide, are shown by markers with blue stems. Brass has the lowest predicted wave speed with 833 m/s, while stainless steel 440 c has the highest with 1347 m/s, a factor of 1.6 larger. Alternating dimers using the same materials are shown by markers with red stems. Chains consisting of a combination of aluminum and tungsten carbide particles have the lowest predicted wave speed, with 629 m/s, a factor of 2.14 lower than the uniform stainless steel 440 c wave speed. By using alternating dimers, the design space of wave speeds has been expanded.
Additionally, the surface plot in Fig. 8 allows predicting the behavior of engineered particles. For example, we see that materials with the highest density and lowest stiffness lead to the slowest leading wave velocity. If we were to coat a tungsten carbide particle with aluminum, such that the final particle had the stiffness of aluminum but a density five times higher, Eq. (10) predicts that we would obtain a wave speed of 489 m/s. If we were to create a hollow particle of tungsten carbide such that the stiffness properties were not changed, but the final particle density was five times less, Eq. (10) predicts that we would obtain a wave speed of 3011 m/s. These two engineered materials are shown by the markers with black stems in Fig. 8 . Such particles increase the design space such that we obtain a factor of 6.2 between the fastest and slowest materials. However, these hollow/coated particle chains would have to be used within a range of impacts that do not violate certain assumptions: first that the plastic region is small enough that it is not altered by the presence of another material in the core of the particle, and second that the wave speed is much slower than the time it takes for the stresses to travel from one end of the particle to the other. These assumptions are unlikely to be valid for very large amplitude impacts, but the design surface allows us to easily visualize how new combinations of materials or engineered particles are likely to dynamically behave.
Summary and Future Work
We investigated the dynamics of high-amplitude stress waves propagating through 1D chains of spherical particles. In order to understand the effect of each regime of the piecewise nonlinear, elastic-plastic contact law, we compared chains of elastic-plastic spheres, with chains of purely elastic particles interacting via the Hertzian contact law, as well as with harmonic chains having the same linear stiffness as the one found in the linear regime of the elastic-plastic model. We reported that the elastic-plastic chains showed no dispersion even when forces reached the fully plastic linear regime. As in a chain of Hertzian particles, the frequency components of the wave all propagated at the same velocity, unlike in a typical linear material. However, by varying the density and contact stiffness of the constituent particles, we found that while plasticity is occurring at the contacts, the speed of the leading wave in the elastic-plastic chain scales with the material properties in the same manner as wave velocities in a harmonic chain of particles with linear contacts. We showed that the Fig. 7 (a) Arrival speed of the wave front as it travel through chains of 50-particles of different materials (Table 1) . Numerical results (lines) are compared with experiments (markers) for the particle's velocity measured by the laser vibrometer in the 40th particle. Solid lines represent the arrival speeds in uniform chains. Dashed lines show the same results for dimer chains. (b) Numerical results showing the local wave speed as it travel through the 50-particles chains, normalized by the wave speed bound given in Eq. (10) .
harmonic prediction of velocity of the frequency component with highest speed represented an amplitude-dependent bound on the maximum possible velocity in the elastic-plastic chain.
For high amplitude, long duration impacts, for which plastic dissipation continues as the wave propagates, the leading wave travels without dispersion at nearly constant amplitude predicted by the upper bound. This upper bound depends solely on the material properties of the constituent particles. We use these findings to predict the wave propagation properties of chains of uniform materials, new combinations of materials, and chains of engineered particles. We support our finding with experimental tests performed in a Hopkinson bar setup equipped with a laser vibrometer.
Extensions of this work will explore high amplitude stress waves propagation in 2D and 3D elastic-plastic granular materials. Fundamental studies to understand higher dimensional systems will provide the basis to create materials with highly controllable anisotropic wave speeds, that are dispersion-free and only slightly amplitude dependent. These materials could be used to control and redirect impact energy, without relying on previous knowledge of the amplitude and frequency spectrum of the impact.
where r p is the contact radius after plastic deformation, given byr p ¼ 4E Ã = 3F max 2F max þ F y 2p 1:6r y À Á 3=2 and d R is the residual permanent deformation, given by d R ¼ d max À 3F max 4E Ã ffiffiffiffi r p p 2=3 .
F max and d max are the force and displacement at which unloading begins.
